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Main problem

1
x, 7', ﬂl) = lim sup T]T[x, ', ).

T—ro

Namely, we are interested in pairs of policies (ﬁl,ﬂ%) c 1" x T12 for which

I(ﬂ'],ﬂ'i) < ](T‘Il,,?f,%) < ](ﬂ.’l,ﬂtz) for every (ﬂ'],ﬂfz) e 111 % 112,
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Main assumptions

dx(t) = b (x(t), w1 (t), uz(t)) dt + o (x(t)) dW(t)

For (uj,uz) in U' x U?% and h in C*(R™), let

Luiah(x) = (Vh(x),b(x, ul,uzn%*rrrﬂh{ ) - a(x)]

mn
\ = ) 3y h(x)bi (x,u1,1z) Za ‘h(x)agj(x) /
i=1 ll l
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Main assumptions

When using randomized Markov policies ('ﬂ:' \ ’J’T.'Zj in TT' x TT%, we will write, for x € R™,

b (x,m', %) ::[ J b (x,uy,uz) 7 (dugx)m? (dualx).
L2

L

for h € C2(R™), let
L™ ™ h(x) = [ J L4 U2k (x)! (dug [x) e (dusx).
L2 Ju!
Assumption 2.7. There erists a function w > 1 in C2(R™) and constants d > ¢ > 0 such that

(a) limjy| 0 W(x) = 00.

(b) LY "2w(x) < —ew(x) +d for all (uy,uz) in u' x U? and x in R™,

\_
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The PIA

Step 1. Select a strategy :ft% £ 12, set m = 0 and define ] (’.-TI_“?I_]) = —0X.

Step 2. Find a policy m! € TI', a constant | (’.-‘TI n2 ), and a function h,, : R™ — R such that (] (711 e ) ,hm)

mr rm mr tm
is a solution of the so—called Poisson equation (6.2); that is,

I (ﬂ:r]m ﬂﬁl) = 51151 {’I‘ (X, P, ’r[%“) + H—ltp’ﬂ;‘hm[x]] (6.1)
=
= 1(x Tr:n,'n:il) L L b, (x) for all x € R™, (6.2)
Observe that ]
](7':111157[%1) > ¢iﬂ£2 [T (Xa ﬂ:mll*’) ‘|'[Lﬂ“”¢hm[x}] for all x € R™. (6.3)
€

If](nl,md) =T (nl 4,72 ), then J (m} ,m2 ) =] (nl,n?). Terminate PIA.

Step 3. Determine a strategy 72,

x €ER"

¢ TI? that attains the minimum on the right hand side of (6.3), i.e., for all

12 . 1
T (x: H'LH”%TH—I) + L7 hm{x] = ¢1.é1‘£2 [T (X>”1711¢) +]L'Trmlphm[x}] ' (6'4)

Qﬂp 4. Increase m in 1 and go to step 2. /
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The PIA THIS IS SPARTA
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= 1(x Tr:n,'n:il) L L b, (x) for all x € R™, (6.2)
Observe that ]
](7':111157[%1) > ¢iﬂ£2 [T (Xa ﬂ:mll*’) ‘|'[Lﬂ“”¢hm[x}] for all x € R™. (6.3)
€

If](nl,md) =T (nl 4,72 ), then J (m} ,m2 ) =] (nl,n?). Terminate PIA.

Step 3. Determine a st.ra,t.c that attains the minimum on the right hand side of (6.3), i.e., for all
x e R"

T (X, -;]:]I]” n%rl-l—l) + ]Lﬂ::rl.’ﬂil+] hm{}(] = ¢11’lf {T (X, ’ﬂ::m 'll)) + ]]_,.HJIL"'IJ}].T"[X}] . (‘6-—1)

eVv?
Qﬂp 4. Increase m in 1 and go to step 2. /
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QeV!

= 1(x Tr:n,'n:il) L L b, (x) for all x € R™, (6.2)

Observe that

1
J (7, ) 2 inf 7 (%, Ty ¥) + L7 P hin ()| for all x € R™, (6.3)

If](nl,md) =T (nl 4,72 ), then J (m} ,m2 ) =] (nl,n?). Terminate PIA.

Step 3. Determine a strategy ?Iﬁ,l 41 € M? that attains the minimum on the right hand side of (6.3), i.e., for all
n
el 12 n! - 1 x
T (Ki ﬂ:lmﬂm-l-l) + LmoTm hm{}(] = ¢11‘1f {T (X,_’II””I])) + L% hm[x}] ' (6'4)

eVv?
Qﬂp 4. Increase m in 1 and go to step 2. /




e

T. G. I. Lyapunov!

Mot 2 (W) = [ WX )i 2 (dx)

1

Proposition 5.1. The payoff rate r is p1 2 —integrable.

J(m', ) = T {11‘?'[],1'1'2}} =J r{:aa:,ﬂ:1 ,’J'lel Mot 2 (dx].

T
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If](nl,md) =T (nl 4,72 ), then J (m} ,m2 ) =] (nl,n?). Terminate PIA.

Step 3. Determine a strategy 72,

x €ER"

¢ TI? that attains the minimum on the right hand side of (6.3), i.e., for all

T (X, -;]:]I]” n%rl-l—l) + ]Lﬂ::rl.’ﬂil+] hm{}(] = ¢11’lf {T (X, ’ﬂ::m 'll)) + ]]_,.HJIL"'IJ}].T"[X}] . (‘6-—1)

eVv?
Qﬂp 4. Increase m in 1 and go to step 2. /




4 A

An Assumption, a Definition and
a Proposition

Assumption . for each pair {:'i"[] ,:rr?-:] £ T < T14,
the process x™ ™ (.) is w—erponentially—ergodic, that is, there erist constants C, § > 0 such that

sup
. ST ) L

1 2
BT 7V (X(1) — o ez (v)] < Cem* vl ww(x)

forallx e R™, t = 0, and v € B,,(E"™).

Definition 6.3. Let (n',7*) € TI' x 2. The bias of (n', %) is the function h1 2(x) € Bw(R™) given by

o0

hﬂl 2 I[X} = J

[EZ ' (x(1), ' 7?) — ) (', m?) | dt.
]

Proposition 6.5. For each (n',m*) € TI' x T1?, the pair (] (n',7%) ,hor 12 ) is the unique solution of the Poisson
equation (6.2) for which the p1 . -erpectation is zero:

ot et (R 2) =[ et 2 (Xt ez () = O. (6.9)

mn

@ewm‘, hot 2 is in C2(R™) N B, (R™). /
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The PIA L D
Step 1. Select a strategy ’r: € T1%, set m = 0 and define ] (! |‘?T: ) = —0%. \ \k\\ 'g.\
ANN

Step 2. Find a policy !l € T, a constant ] () , 72 ), and a functi

A\
is a solution of the so 1';1“ d Poisson equation (6.2); that is. \\\T\‘\\\‘\

[ (nl,m2) = — t \Q)\R _ (6.1)
R -

: Y .II
wo (J(md 2 ) hun)

] I']‘l;-l,-.\l ':"I

Observe that Q\ ]
(\\\K al {r I::\',.”-T]l,l,lll ) + L™ %h, (x)| forall x € R", (6.3)

eV

‘&\‘% then | (n! 72 ) =7 (n!,n?). Terminate PIA.
“E anine a strategy ms € TI* that attains the minimum on the right hand side of (6.3), ie., for all

Hhyn(x) = inf | (x, ’r”,ﬂ 'h,, . (6.4)
peV= J

! 3 \ o] 2
r(x, ) LT

Step 4. Increase m in 1 and go to step 2.




Convergence of PIA 1/2

Lemma 6.6. Let (71:] ,712) e ' x T1? be an arbitrary pair of randomized stationary strategies. Let ) € TI' be such
that

J (?Tl, 7[2) = sup [r {x, Lp,ﬂ?‘} —O—L‘p‘ﬂzh(x] (6.10)
peVvl]
= 'r(xn 71)—|—IL” “hﬁ1 ~2(x) for all x e R™. (6.11)
Let % € TI? be such that
11)in\f}"2 {r (X,Tcl,ll)) I LR hﬁl‘ﬁz[x}] =7 (X,TT*,TI } T R 2 (x) (6.12)
E

for all x € R™. Then (a) ] (n},72) <] (nl,7?), and (b) if | (7', ) < J(nl,nZ), then (n},nZ) is a saddle point
of the SDG with average payolff.

g ‘ yield. the existence of a pair of‘pofz'cz'es ('n] T ) in T1' x T1% that is the limit in the sense of Schil of the
seguence{(ﬂ: = ) :1,2,...}.

m?
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Convergence of PIA 2/2

Theorem 6.8. [et (n! 72 ) be a pair

of randomized stationary pﬂizczes generated by the PL-ﬂl Then {(ﬂ: it ) =1,2. } c;}nveﬁes in the sense of

mytm

Schal to a saddle point (7 ( . :) of the average SDG. Therefore the PIA converges.

Proof. By Proposition 6.5 we can ensure the existence of a function h,, € C*(R™) N B,,(R™) such that (6.1)-(6.2)
hold for each m = 1,2, ... Then we apply Theorem 3.4 with &, := ](ﬂlm’ﬂ:?n) and o« =0 for each m=1,2, ...
(the verification of its assumptions is straightforward) to ensure the existence of the function h, | -

The Remark 6.7 asserts the existence of the limit (in the sense of Schél) of the sequence of policies {(?T:m ?Ifn)}
generated by the PIA.

Observe that (6.1) in step 2 of the PIA ensures that (6.10) holds. Moreover, (6.4) in step 3 yields (6.12).
The condition in step 2 of the PIA is accepted when the accummulation point referred to in the last paragraph is

attained; and, by Lemma 6.6(b), (ﬂ:l, n’f) is a saddle point of the ergodic game. The result follows from Theorem
[

\_ /




A useful result

B[xﬁuhu?_aha x) = {vh{x}ﬁb {xuuhui]} — oh(x) + 71 (x,ur,uz)
- ]
Loh(x):= sup inf b(x,uy,us, h, &) + =Tr [Hh(x)a(x)]
'LL]EU] LL:EL[I 2

Theorem 3.4. assume that there exist sequences {hy,} C WHP(Q)
and {Em} C LY (Q), with p > 1, and a sequence {oem} of positive numbers satisfying that:

(a) Lo, hin = &m in Q for m=1,2, ...
(b) There exists a constant My such that |[hm|lyy2.0 () < M1 form=1,2,...
(c) & converges in LP(Q)) to some function &.
(d) ot converges to some .
Then:

(i) There erist a function h € WP (Q) and a subsequence {my ) C {1,2,...} such that hi, — h in the norm of
WHP(Q) as k — 0o. Moreover,
Loh=& in Q. (3.4)

(i) If p > m, then hy,, — h in the norm of COM(Q) forn < 1— % If, in addition, & is in COP(Q), with B <1,
then h belongs to C*P(Q).
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